ABSTRACT In actual decision making, there are many multiple criteria decision making (MCDM) problems with prioritization and interaction among the criteria. In this paper, we proposed a novel method to handle the intuitionistic fuzzy MCDM problems with weakly ordered prioritization and interaction among the criteria. First, we presented some novel Einstein operations of intuitionistic fuzzy sets (IFSs), which could capture the relationship between non-membership and membership functions of various IFSs. Then, we proposed a novel operator called prioritized interactive Choquet (PIC) operator based on fuzzy measure, generalized prioritized measure, and Choquet integral. Meanwhile, three fundamental features of this operator were discussed. Besides, we combined the PIC operator and Einstein operations to IFSs, and proposed the intuitionistic fuzzy prioritized interactive Einstein Choquet (IFPIEC) operator, which could consider the prioritization and interaction among the criteria. Additionally, we utilized O'Hagan's maximum entropy to obtain the quantity of each priority level in the generalized prioritized measure. Finally, the detailed decision making steps for the intuitionistic fuzzy MCDM problems with weakly ordered prioritization and interaction were developed, and two practical cases were given to check the created approach and to illustrate its validity and superiority.
I. INTRODUCTION
Atanassov [1] generalized the notion of Zadeh's fuzzy sets [2] , and proposed the intuitionistic fuzzy sets (IFSs), which consist of three important functions: membership function (MF), hesitancy function (HF) and non-membership function (NF). Obviously, they are more detailed and comprehensive to model uncertainty and vagueness than Zadeh's fuzzy sets [2] , and now many research achievements have been made [3] - [9] . In the operations of the IFSs, Atanassov [10] presented addition and multiplication operations. De et al. [11] presented scalar multiplication and power operations. However, these operations have some drawbacks. At first, these operations do not capture relationship between MF and NF of various IFSs. Further, the operations proposed by Atanassov [10] can lead to irrational results in some special situations. For instance, assume that A = (u A , v A ) and B = (u B , v B ) are two intuitionistic fuzzy values (IFVs), and assume that v A = 0 and v B = 0, then according to the addition operation proposed by Atanassov [10] , we get v A⊕B = 0. Clearly, this result is irrational. So, He et al. [12] presented some interactive operations for the IFSs to overcome these drawbacks. In addition, the IFSs have been prosperously implemented in different fields, such as image segmentation [13] , pattern recognition [14] , green supply chain management [15] , medical diagnosis [16] and decision making problems [17] - [20] .
The intuitionistic fuzzy aggregation operators can aggregate some IFVs into an overall one, and they are widely applied to handle the MCDM problems under intuitionistic fuzzy condition. He et al. [12] , Xu [21] and Xu and Yager [22] studied the aggregation operators of IFSs. These aggregation operators are assuming that all the IFVs are independent.
Visibly, this is also irrational for the real decision making. In order to reflect the interrelationship among the IFVs, Xu [23] , [24] extended power average aggregation (PAA) operator and Bonferroni mean (BM) to IFSs, respectively, and presented a series of intuitionistic fuzzy PAA operators and several intuitionistic fuzzy BM operators. Das et al. [25] and Liu and Chen [26] presented some intuitionistic fuzzy extend BM operators and intuitionistic fuzzy Heronian mean (HM) operators by utilizing extended BM and HM, respectively. In order to consider redundant, complementary or independent characteristics among the criteria, Tan and Chen [27] presented several Choquet integral of IFSs for aggregating IFSs. Obviously, Choquet integral can more comprehensively process the interrelationships than the HM or BM operators because it can consider redundant, complementary or independent characteristics among the criteria while the HM or BM operators can only reflect the interrelationships only by the attribute values.
Although some of above intuitionistic fuzzy aggregation operators consider the interrelationship phenomena among the criteria, they are based on the assumption that the attributes have the same priority level, and they cannot handle the MCDM problem with prioritized criteria. To overcome this limitation, Yu [28] , [29] explored some prioritized aggregation (PA) operators of IFSs for prioritized MCDM problems. Nevertheless, the above-mentioned PA operators of IFSs only handle MCDM problem with strictly ordered prioritization, i.e., each priority level has only one criterion. In order to handle intuitionistic fuzzy MCDM problem with weakly ordered prioritization, i.e., each priority level has at least one attribute, Xu et al. [30] utilized prioritized ordered weighted averaging (POWA) operator defined by Yager [31] to propose a new PA operator of IFSs. Yu and Xu [32] proposed a series of PA operators of IFSs base on the PA operator defined by Yager [33] . Chen et al. [34] investigated the interval-valued intuitionistic fuzzy prioritized aggregation operator for prioritized MCDM problem.
In actual MCDM problem, the prioritization and interrelationships among the criteria are common. For example, considering the situation where a government evaluates middle-level official upon three aspects, which are virtue (H 1 ), capability (H 2 ) and job performance (H 3 ). There exists prioritization among these three aspects. The prioritized relationship for them is H 1 H 2 H 3 ('' '' denotes ''be superior to''). In addition, the capability (H 2 ) contains criteria: ''organizational capability'', ''communication skill'' and ''research capability''. There exists interaction among these three criteria. In addition, for middle-level official evaluation problems, because most of the assessment information is fuzzy and uncertain, IFSs can be regarded as an effective technique for handling vague and uncertainty. Obviously, the existing methods don't solve this intuitionistic fuzzy decision problem with prioritization and interrelationships among the attributes, simultaneously, and it is very necessary to propose some methods and to solve this kind of the MCDM problems. The prioritized aggregation operator can consider the prioritization relationship over the criteria. The Choquet integral can reflect the interaction among the criteria. The algebraic interactive operations on the IFSs presented by He et al. [12] can capture the relationship between MF and NF of various IFSs. The Einstein operations being good alternative compared with the algebraic operations, has the potential to offer similar smooth estimations as the algebraic operations. However, there is little investigation on Einstein interactive operations on the IFSs. Motivated by these ideas, we develop an intuitionistic fuzzy MCDM method based on the prioritized aggregation operator, the Choquet integral and the Einstein interactive operations of the IFSs to handle intuitionistic fuzzy MCDM within IFSs.
So the goal of this article is to propose the decision making method for MCDM problems in which there exist the prioritization and interrelationships among the criteria. The contributions of this study are: 1) We develop some novel Einstein operations for IFSs, which can overcome the weaknesses of operations in Atanassov [10] , and capture the relationship between MF and NF of various IFSs. 2) We propose a prioritized interactive Choquet (PIC) operator which is a generalization of the prioritized measure-guided aggregation (PMGA) operator [35] and the generalized PMGA (GPMGA) operator [36] .
It not only considers the prioritization among the criteria, but also reflects the interaction among the criteria in each priority level. 3) We extend PIC operator and Einstein operations to IFSs, and propose the intuitionistic fuzzy prioritized interactive Einstein Choquet (IFPIEC) operator, which can overcome above three drawbacks. 4) We propose a decision making method for handling the MCDM problems where the criteria are with prioritization and interaction by using the IFPIEC operator, which can overcome the limitations of Yu's approach [28] , and Chen's approach [34] . In order to attain the research goal that has been stated above, the organization of this article is offered as: Section II concentrates on some basic notions and operations of IFSs, fuzzy measure, and Choquet integral. Section III presents some novel Einstein operations of IFSs. Section IV defines the PIC operator and discusses its properties. Section V proposes the IFPIEC operator. Section VI presents an approach for handling the intuitionistic fuzzy MCDM problem with weakly prioritization and interaction based on the proposed operator and O'Hagan's maximum entropy. Section VII uses two application cases to verify the novel method. Section VIII concludes the study.
II. PRELIMINARIES
The concepts and basic operations of IFSs, fuzzy measure and Choquet integral are recalled in this section, and they are the foundation of this study.
A. INTUITIONISTIC FUZZY SET
Definition 1 [1] : Let X = {x 1 , x 2 , . . . , x n } be a fixed set, and an IFS A in X is expressed as follows:
where the functions u A (x i ), v A (x i ) and π A (x i ) represent MF, NF and HF of the element x i ∈ X in the set A, respectively. The parameters should meet the following conditions:
For computational convenience, Xu [21] called the ordered pair (u α , v α ) an IFV expressed as α with the restrictions that
Definition 2 [10] , [11] : For two IFVs α 1 = (u α 1 , v α 1 ) and α 2 = (u α 2 , v α 2 ), some operations are shown below as:
Chen and Tan [37] and Hong and Choi [38] provided the score function Sc(α) = u α −v α of α and the accuracy function Ac(α) = u α + v α of α, respectively. Then Xu and Yager [22] gave the following comparison laws on different IFVs α 1 and α 2 .
Definition 3 [22] : For two IFVs
Note that the score function Sc(α) ranges from −1 to 1. Additionally, Liu [39] provided another score function Sc(α) which ranges from 0 to 1:
B. FUZZY MEASURE Definition 4 [40] , [41] : A fuzzy measure on X = {x 1 , x 2 , . . . , x n } is a set function µ : P(X ) → [0, 1]. It meets the following conditions: 1) Boundedness: µ(ϕ) = 0, µ(X ) = 1; 2) Monotonicity: if A, B ∈ P(X ) and A ⊂ B, then we derive µ(A) ≤ µ(B), where P(X ) is the power set of X .
To improve the flexibility and practicability of the fuzzy measure, the concept of λ−fuzzy measure was introduced by Sugeno [40] .
where λ denotes the interaction among the criteria, and meets λ > −1 for all A, B ∈ P(X ) and A ∩ B = φ.
For finite set X and any subset A with A ∈ P(X ), we have the following equation:
By g(X ) = 1, we can get λ by
Thus, if we know each g({x i }), we could calculate the value of λ. By Eq. (8), we only need to ascertain n parameters for n criteria, and then to determine the λ−fuzzy measure of each subset in X . In addition, if
Definition 5 [42] : Suppose f is a positive real-valued function on X , and µ is a fuzzy measure on X . The formulation of Choquet integral is depicted below as:
where subscript (.) of x denotes a permutation on X so that f (x (1) 
III. EINSTEIN OPERATION ON IFS
Because the existing addition operation in Definition 2 has some weaknesses, in this subsection, we present interactive operations of IFSs with the Einstein T-norm T (x, y) and T-conorm S(x, y), which can capture the relationship between MF and NF of various IFSs. Suppose that additive generator g(t) is a strictly decreasing function and satisfies g(t) : (0, 1] → R + and g −1 (t) : R + → (0, 1] with the limit features: lim x→∞ g −1 (t) = 0 and g −1 (0) = 1; and h −1 (1) = 0; we derive T-conorm S(x, y) = h −1 (h(x) + h(y)). Definition 6 [43] : Let α 1 = (u α 1 , v α 1 ) and α 2 = (u α 2 , v α 2 ) be two IFVs. Then the interactive operations of IFVs based on the T-norm T (x, y) and T-conorm S(x, y) are defined as:
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In what follows, several particular cases about additive generators g(t) and h(t) are given as follows:
Definition 7 [12] : For Algebraic T-norm T (x, y) and T-conorm S(x, y), i.e., h(t) = − ln(1 − t), Eqs. (11) and (12) reduce to the operations as follows:
He et al. [12] pointed out that the operations in Definition 2 have some weaknesses. To overcome these weaknesses, the operations in Definition 7 were defined, which can capture the relationship between MF and NF of various IFSs.
Definition 8: For Einstein T-norm T (x, y) and T-conorm S(x, y), i.e., h(t) = ln 1+t 1−t , Eqs. (11) and (12) reduce to the operations as follows:
Similar to the operations in Definition 7, the new operations in Definition 8 can also overcome the weaknesses of the operations in Definition 2, and also capture the relationship between MF and NF of various IFSs.
To explain the advantages of defined Einstein operations of IFSs, we provide the following example.
Example 1: 
Proof: Theorem 1 can be proved directly by Eqs. (15) - (16), and it is omitted here.
IV. PRIORITZED INTERACTIVE CHOQUET OPERATOR
Recently, Yager et al. [35] proposed the PMGA operator with prioritized measure (PM) for prioritized MCDM problem. By analyzing the PMGA operator, Chen et al. [36] found this operator had a shortcoming in handling the prioritized MCDM problem in some extreme cases. For example, for two alternatives, when their satisfaction degrees of highest prioritized criterion are the same and these satisfaction degrees are the smallest one among all the satisfaction degrees of prioritized criteria, this problem cannot be solved. The essential reason is that the PM is too stern to make any compensation over the prioritized criteria. Thus, Chen et al. [36] introduced the generalized prioritized measure (GPM), which allowed the implementation of partial compensation over the prioritized criteria. Based on the GPM, the GPMGA operator was proposed to overcome the shortcoming of the PMGA operator. As Yager [33] stated that the prioritized MCDM problems can be categorizes into two scenarios: (1) strictly ordered prioritization, i.e., each priority level has only one attribute; (2) weakly ordered prioritization, i.e., each priority level has at least one attribute. Due to the fact that above two aggregation operators (i.e., PMGA operator and GPMGA operator) can only be utilized to handle the first scenario, in this study, we will introduce the PIC operator, which can be utilized to handle the second case.
A. GPMGA OPERATOR
In this sub-section, we recall the GPMGA operator which can handle the MCDM problem with strictly ordered prioritization.
Suppose that the criteria
is the satisfaction degree of the alternative x about criterion C i (i = 1, 2, . . . , n), and c(x) is the total satisfaction degree of the alternative x. For each prioritized criterion
where P(C) represents the power set of C, and f j (·) represents a monotonically decreasing function and meets f j (j) = 1 and
, then a special kind of GPM can be derived as:
Chen et al. [36] utilized the GPMGA operator (i.e., Choquet integral about the GPM) to get the overall satisfaction degree of the alternative x denoted as c(x), and has
where c (i) (x) represents the ith largest value of the set
shown in Eq. (17).
B. PIC OPERATOR
Now, a novel operator called prioritized interactive Choquet (PIC) operator is proposed to handle the MCDM problems with weakly ordered prioritization. Firstly, the PIC operator based on Choquet integral about the λ−fuzzy measure is applied to get the satisfaction degree for each priority level. We regard the priority level as the pseudo criterion with the corresponding satisfaction degree. Secondly, the PIC operator based on the GPMGA operator (i.e., Choquet integral about the GPM) is used to aggregate satisfaction degrees of all pseudo prioritized criteria and then to obtain the total satisfaction degree of each alternative. Since the λ−fuzzy measure is a powerful tool in measuring the interactive relationship of the criteria, and the GPM is also a useful tool in measuring the prioritized relationship of the criteria, this aggregation operator not only considers the prioritization among the priority levels, but also reflects the interaction over the criteria in each priority level.
In a MCDM problem with weakly ordered prioritization, suppose the criteria ∈ H i . To handle the MCDM problems with weakly ordered prioritization, Chen and Xu [44] utilized the ordered weighted averaging (OWA) operator to get the satisfaction degree for each priority level. This operator is based on the assumption that the criteria are independent. However, in many realworld MCDM problems, there always to some extent exist interdependent characteristics over the criteria. The Choquet integral about the λ−fuzzy measure can consider the complementary and redundant relationship of the criteria. It is also the generalization of some well-known aggregation operators, for example, OWA operator, WA operator, min operator and max operator. At the same time, it has some desirable properties. Motivated by the idea of Choquet integral about the λ−fuzzy measure, the PIC operator shall be utilized to get the satisfaction degree for each priority level denoted as c i (x) by the following formula:
where c i (j) (x) represents the jth largest value of the set
By the above computation, we can obtain the satisfaction degree for each priority level. To calculate the total satisfaction degree of the alternative x, the GPMGA operator introduced by Chen et al. [36] can be utilized to model the prioritized relationship. Chen et al. [36] only considered the strictly ordered prioritized aggregation, so we can regard the priority level H i (i = 1, 2, . . . , q) as the pseudo criterion C i with the satisfaction degree c i (x). Motivated by the idea of GPMGA operator, the PIC operator can be utilized to get the satisfaction degree of the x denoted c(x) by the following formula:
where c (i) (x) is the ith largest value of the set {c 1 (x), c 2 (x),
Since both Choquet integral about the λ−fuzzy measure and GPMGA operator meet three properties, namely, monotonicity, boundedness, idempontency, we can easily derive that our proposed PIC operator also satisfies them. Their proofs are omitted here.
Example 2: Suppose that we want to select the favorable freshmen to award scholarship, all subjects that they study include ''ideological cultivation and basic laws'' (C 1 1 ), ''mathematics'' (C 2 1 ), ''physics'' (C 2 2 ), ''literature'' (C 2 3 ), ''long jump'' (C 3 1 ), ''long-distance race'' (C 3 2 ) and ''appreciation of Chinese and foreign esthetics'' (C 4 1 ). These subjects can be portioned into four distinct priority levels, which are ''moral qualities'' (H 1 ), ''intellectual ability'' (H 2 ), ''physical fitness'' (H 3 ) and ''aesthetic appreciation'' (H 4 ). The priority relation of these priority levels is H 1 H 2 H 3 H 4 , and 4 1 }. Thus, the prioritized relationship for these 
Suppose that there are four candidate students x j (j = 1, 2, 3, 4), and their scores c i Table 1 .
Suppose that the quantities b i (i = 1, 2, 3, 4) in the GPM are given as:
Suppose that the λ−fuzzy measures g on subjects in each priority level are given as:
Thus, the criteria among C 2 1 , C 2 2 and C 2 3 are interactive.
Thus, the criteria between C 2 1 and C 2 3 exist complementary interaction.
The PIC operator-based approach can handle this kind of MCDM problem with weakly prioritized and interactive condition. The detail steps are given as follows:
Step 1 Table 2 .
Step 2: Utilize Eq. (13) to compute the satisfaction degree c i (x 1 )(i = 1, 2, 3, 4) for each priority level corresponding to alternative x 1 as follows: Step 3: We regard the priority level H i (i = 1, 2, 3) as the pseudo criterion C i with the satisfaction degree of c i (x 1 ), and rearrange the satisfaction degrees of the alternative x 1 in descending order:
i.e.,
Then, we have
Step 4: Utilize Eq. (11) to compute the priority weight for each priority level corresponding to alternative x 1 as follows:
Step 5: Utilize Eq. (14) to compute the total satisfaction degree of alternative x 1 as follows: According to the ranking results of the prioritized aggregated values, we can get x 4 x 3 x 2 x 1 . Thus, the optimal student is x 4 .
To verify the viability of the PIC operator-based approach, we conduct a comparative study with the approach proposed by Chen and Xu [44] . Their approach [44] is on the basis of the OWA and PMGA operators [35] , which is utilized to compute the total satisfaction degree of each alternative as follows: [44] utilizes the OWA operator to compute the satisfaction degree for each priority level, and the OWA operator cannot consider the interaction among the criteria. In addition, the main reason of not distinguishing the alternatives x 1 and x 2 is that Chen and Xu's approach [44] utilizes the PMGA operator to compute the total satisfaction degree of each alternative, and the PMGA operator [35] cannot handle the situation where the satisfaction degrees of the highest prioritized criterion are the same and they are smallest one among all the satisfaction degrees of prioritized criteria. Since c 1 1 (
, Chen and Xu's approach [44] gets incorrect aggregated values. However, the PIC operator is on the basis of the Choquet integral and the GPMGA operator [36] . The Choquet integral reflects the interaction over the criteria, and the GPMGA operator overcomes the limitation of the PMGA operator. Therefore, the proposed PIC operator-based approach can overcome the limitations of the Chen and Xu's approach [44] , and can distinguish the ranking of the alternatives x 1 , x 2 , x 3 and x 4 .
V. INTUITIONISTIC FUZZY PRIORITIZED INTERACTIVE EINSTEIN CHOQUET OPERATOR
In this section, we combine the PIC operator and Einstein operations to IFSs, and propose the IFPIEC operator, which not only considers the prioritization and interaction among the criteria, but also captures the relationship between MF and NF of various IFSs.
In the following, suppose the criteria 
} with h (0) = ϕ, and g(h (j) )(j = 0, 1, . . . , n i ) is a λ−fuzzy measure on h (j) shown in Eq. (7) .
By the Einstein operations of IFVs, the aggregated value by Eq. (21) is still an IFV and it can be obtained in (22) , shown at the bottom of this page.
Proof: −1) ). At first, Eq. (22) can be proved by mathematical induction on n i . 
Then, we can get
So, Eq. (22) is kept for
(ii) Suppose n i = k, Eq. (8) is kept, i.e.,
Then for n i = k + 1, we can get
) w k+1
) w k+1 ,
Thus, Eq. (22) is kept for n i = k +1. According to (i) and (ii), Eq. (22) is kept for all n i .
Secondly, we prove Eq. (22) is also an IFV. It is clear that
So, we can get
So Eq. (22) is kept and the aggregated value is still an IFV. Further, we can regard the priority level H i as the pseudo criterion C i with the satisfaction degree c i (x). The IFPIEC operator based on Choquet integral about the GPM can be utilized to compute the total satisfaction of the alternative x denoted as c(x) by the following expression:
} with h (0) = ϕ, and m(h (i) )(i = 0, 1, . . . , q) is a GPM on h (i) shown in Eq. (17) .
By the Einstein operations of the IFVs, the aggregated value by Eq. (23) is still an IFV and it can be obtained in (24) , shown at the bottom of this page.
Proof:
The proof of Eq. (22) is similar to Eq. (24), and it is omitted here. 
It is easy to prove that Theorem 2 is right, and the proof is omitted here.
VI. AN APPROACH FOR THE INTUITIONISTIC FUZZY MCDM PROBLEMS BASED ON THE PROPOSED OPERATORS
In a prioritized interactive MCDM problem, assume that X = {x 1 , x 2 , · · · , x m } is the set of decision alternatives, C = {C 1 , C 2 , · · · , C n } is the set of criteria, and these criteria are portioned into q different priority levels H =
}, where n i is the count of criteria in the priority level H i . Assume that these criteria in the same priority level H i are interactive and these distinct priority levels have the priority relation of H 1 H 2 · · · H q . The criteria in the priority level H k have a lower priority than those in H i if k > i. The total set of criteria is 
A. MODEL TO OBTAIN THE QUANTITY OF EACH PRIORITY LEVEL IN THE GPM
To obtain the priority weights, we should first determine the quantity b i (i = 1, 2, · · · , q) in the GPM. Based on O'Hagan's maximum entropy method [36] , we establish a model with the entropy as its objective function and a predefined degree of attitudinal characteristic as its constraint to determine quantity b i (i = 1, 2, · · · , q) in the GPM. Between them, the entropy is measured by ''dispersion'' measure. The greater the ''dispersion'' measure, the greater information about the individual criterion is utilized in aggregating the input values. The ''attitudinal characteristic'' is also called ''orness'' measure, which captures the optimistic attitude of an expert in a MCDM problem. The higher the value of ''attitudinal characteristic'', the higher optimistic the expert becomes. The model is constructed as follows:
where denotes the prioritized attitudinal character. In general, we hope that the attribute with higher priority is more important, which means quantities
form a non-increasing sequence. So the value of attitudinal character should be set in range from 0.5 to 1.
is the ''dispersion'' measure associating with quantity b i (i = 1, 2, · · · , q).
B. DECISION PROCEDURE
Now, we propose an approach to intuitionistic fuzzy MCDM problems with weakly ordered prioritization and interaction. The main procedure is described as follows:
Step 1: Assess the alternatives
. . , n i ), and construct the intuitionistic fuzzy decision matrixĈ = [c i
Step 2: Use Eq. (9) to derive the value of λ i (i = 1, 2, . . . , q) in each priority level H i (i = 1, 2, · · · , q).
Step 3: Use Eq. (8) to derive the optimal fuzzy measures g(S i ) on criteria set
Step 4: Use Eq. (21) to compute the satisfaction degree c i j (i = 1, 2, · · · , q; j = 1, 2, · · · , m) of the alternative x j for each priority level H i .
Step 5: Use model (25) to derive the quantity b i (i = 1, 2, · · · , q) of each priority level in the GPM.
Step 6: Use Eq. (23) to compute the total satisfaction degree c j (j = 1, 2, . . . , m) of each alternative x j .
Step 7: Compute the score value Sc(c j ) and the accuracy value Ac(c j ) of each total IFV c j (j = 1, 2, . . . , m).
Step 8: By Definition 3, rank all the alternatives {x 1 , x 2 , . . . , x m }, and obtain the best alternative(s).
VII. CONCLUSION
In this part, we utilize two application cases to compare the ranking results for the created approach with the existing approaches given by Chen [34] and Yu [28] . 
A. THE FIRST EXAMPLE
Example 3: We use a case adapted from Chen [34] to explain the procedure of the created approach. There are a set of four watershed sites X = { x 1 , x 2 , x 3 , x 4 } which are evaluated based on the following three priority levels. The first priority level (H 1 ) contains criteria: ''potential debris-flow torrent'' (C 1 1 ), ''erosion and deposition of rivers'' (C 1 2 ) and ''soil and water conservation of roads'' (C 1 3 ). The second priority level (H 2 ) contains criteria: ''activities of the biological community'' (C 2 1 ), ''integrality of ecological corridors'' (C 2 2 ), and ''ecological monitoring and management'' (C 2 3 ). The third priority level (H 3 ) contains criteria: ''landscape tourism and natural features'' (C 3 1 ) and ''artificial disturbances'' (C 3 2 ). The prioritized relationship for criteria is
The expert utilizes the linguistic terms (LTs) in Table 3 to evaluate the watershed sites x j (j = 1, 2, 3, 4) about the criteria C i Table 4 . To assess the performance of these four watershed sites x 1 , x 2 , x 3 and x 4 , the ranking of these four watershed sites is needed.
1) PROCEDURE OF IFPIEC OPERATOR-BASED APPROACH
Step 1: Convert the linguistic terms in Table 4 to IFVs according to the transformation rules in Table 3 , we can get the IFV c i k i j for C i 1, 2, 3, 4) .
For instance, the evaluation LT of the x 1 about C 1 1 is ''P'' (i.e., poor). Hence, the IFV c 1 11 = (0.3, 0.6).
Step 2: Use Eq. (9) Similarly, we can get λ 2 = λ 3 = 0. Therefore, the criteria among C 2 1 , C 2 2 and C 2 3 are independent, and the criteria between C 3 1 and C 3 2 are independent.
Step 3: Use Eq. (8) to derive the optimal fuzzy measures g(S i ) on the criteria set
Similarly, we can get 
Solving this model by Lingo software [45] , we can get
Step 6: Use Eq. (23) Step 8: By Definition 3, rank all the alternatives {x 1 , x 2 , x 3 , x 4 }, and we can get x 1 x 2 x 4 x 3 . Thus, the optimal watershed site is x 1 . 
2) THE INFLUENCE OF PRIORITIZED ATTITUDINAL CHARACTER ON THE DECISION MAKING RESULTS
Now, we discuss the influence of prioritized attitudinal character on prioritized decision making results of this example. Firstly, the model (25) Table 5 . As observed in the Table 5 above, the parameter can be utilized to alter the degrees of prioritization of criteria. For parameter ∈ {0.5, 0.6, 0.7, 0.75, 0.8, 0.9}, the quantities b i (i = 1, 2, 3) form a non-increasing sequence, i.e., b 1 ≥ b 2 ≥ b 3 . Then, the IFPIEC operator based on the corresponding quantities b i (i = 1, 2, 3) is utilized to rank the alternatives. The ranking results are listed in Table 5 , whereby Table 5 depicts that the alternative x 1 is the optimal alternative no matter what the value of parameter is. The prioritized attitudinal character can be used to depict the mentality of the experts. The larger the parameter , the larger optimistic experts become. Contrariwise, the smaller the parameter is, the greater pessimistic experts become. So, in actual MCDM environments, the individual can choose a different attitudinal character in accordance with his/her interest and the realworld problems.
3) COMPARE WITH THE EXISTING APPROACHES
To explain the validity and the superiority of our created approach in this article, we compare our created approach with the existing approaches given by Chen [34] and Yu [28] .
1) Comparing with Chen's approach [34] which is based on the IVIFPA operator and the interval-valued intuitionistic fuzzy values (IVIFVs). Because this approach is based on the IVIFVs, we should first convert the LTs in Table 4 to IVIFVs by the transformation rules defined by Chen [34] . Then, the IVIFPA operator is utilized to calculate the total satisfaction degree of each alternative c j (j = 1, 2, 3, 4) as follows: Therefore, the ranking result is x 1 x 2 x 4 x 3 , and the optimal alternative is x 1 . Clearly, the ranking results obtained by our created approach and Chen's approach [34] are the same. This shows the validity of our created approach.
2) Comparing with Yu's approach [28] using the IFPWA operator. This approach can only handle MCDM problem with the strictly ordered prioritization. Hence, we should modify this approach to appropriately handle MCDM problem with weakly ordered prioritization. The modified IFPWA operator for the alternative x j is provided by Therefore, the ranking result is x 1 x 2 x 3 x 4 , and the optimal alternative is x 1 . The ranking result produced by our created approach is slightly different to that got by Yu's approach [28] . x 3 is the worst alternative in our approach while it is the third best alternative in Yu's approach [28] . The main reason is that Yu's approach [28] is based on the operations proposed by Atanassov [10] which have the limitation that when one NF of IFVs is equal to 0, then the NF of the aggregation result from IFVs is zero. Since v c 3 
33
= 0, we have v IFPWA(c 1 13 ,c 1 23 ,...,c 3 33 ) = 0. Thus, the score value of the alternative x 3 got by Yu's approach [28] would be bigger. Therefore, the ranking result got by Yu's approach [28] is less reasonable. However, our approach is based on the operations shown in Eqs. (15) (16) , which can overcome the drawback of the operations proposed by Atanassov [10] . Therefore, the ranking result got by our created approach is more accurate and reasonable.
In what follows, we utilize another example to show the limitations of the existing approaches proposed by Yu [28] and Chen [34] . The main limitations of them are that they cannot capture the relationship between MF and NF of various IFSs, cannot reflect the interactive characteristics over the criteria in the same priority level, and cannot distinguish ranking in some extreme situations. The reason why we set up this example is that we want to show that our created approach can overcome above limitations, whereas the approaches given by Yu [28] and Chen [34] obtain unreasonable rankings of the alternatives.
B. THE SECOND EXAMPLE
Example 4: There are a set of five potential middle managers X = { x 1 , x 2 , x 3 , x 4 , x 5 } which are evaluated based on three aspects, which are ''virtue'', ''capability'' and ''job performance''. The ''virtue'' (H 1 ) contains criteria: ''moral character'' (C 1 1 ), and ''working style'' (C 1 2 ). The ''capability'' (H 2 ) contains criteria: ''organizational capability'' (C 2 1 ), ''communication skill'' (C 2 2 ), and ''research capability'' (C 2 3 ). The ''job performance'' (H 3 ) contains criteria: ''work quality'' (C 3 1 ), ''work benefit'' (C 3 2 ), and ''amount of work'' (C 3 3 ). The prioritized relationship for the criteria is:
The expert utilizes the LTs in Table 3 to evaluate the middle managers x j about the criteria C i k i (i = 1, 2, 3; k i = 1, 2, . . . , n i ; n 1 = 2, n 2 = n 3 = 3), as shown in Table 6 . To assess the ability of these five middle managers x 1 , x 2 , x 3 , x 4 and x 5 , the ranking of these five middle managers is needed. Table 7 shows the ranking results of the alternatives x j (j = 1, 2, 3, 4, 5) for different approaches. From Table 7 , we can see that Yu's approach [28] and Chen's approach [34] cannot distinguish the ranking order between the alternatives x 4 and x 5 . However, our created approach can distinguish the ranking result of the alternatives x j (j = 1, 2, 3, 4, 5). Thus, our approach can overcome the limitations of Yu's approach [28] and Chen's approach [34] . Table 8 shows the influence of prioritized attitudinal character on the decision making results. From Table 8 , we can see that the alternative x 1 is the best alternative no matter what the value of parameter is. In addition, the score values Sc(c 4 ) of the alternative x 4 approach those of the alternative x 1 with the values of increasing, i.e., the alternative x 4 will be better with the values of increasing. In what follows, we analyze the limitations of Yu's approach [28] and Chen's approach [34] , and the superiorities of our created approach.
1) Yu's approach [28] based on the IFPWA operator has three limitations. The first limitation is that this approach assumes the weights of criteria in the same priority level are identical, i.e., this approach does not pay attention to the interaction over the criteria in the same priority level. Thus, this approach cannot distinguish the ranking order between the alternatives x 4 and x 5 . The second limitation is that when only one NF of IFVs is 0, then the NF of the aggregated result of n IFVs is 0. Since v c 2
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= 0, we have v c 1 = 0. The third limitation is that this approach is based on the addition and scalar multiplication operations listed in Eqs. (2) and (4), and cannot capture the relationship between NF and MF of various IFSs. 2) Chen's approach [34] based on the IVIFPA operator has two limitations. The first limitation is that this approach is based on the assumption the weights of criteria in the same priority level are identical, i.e., this approach cannot consider the interaction over the criteria in the same priority level. Thus, this approach cannot distinguish the ranking order between the alternatives x 4 and x 5 . The second limitation is that this approach cannot capture the relationship between NF and MF of various IFSs because the IVIFPA operator is based on the addition and multiplication operations listed in Eqs. (2) and (3). 3) Our created approach in this study can overcome limitations of Yu's approach [28] and Chen's approach [34] . Firstly, this approach not only considers the prioritization among the criteria, but also reflects the interaction among the criteria in each priority level. In addition, this approach can overcome the limitations of operational laws by Atanassov [10] and capture the relationship between NF and MF of various IFSs. Furthermore, our proposed IFPIEC operator offers more choice for decision makers by adjusting the values of the attitudinal character based on their risk preferences, so it is more flexible for handling the prioritized interactive MCDM problem. A comprehensive comparison for these approaches is listed in Table 9 . From above analysis, our created approach is better than the existing approaches to the MCDM problems with prioritization and interaction among the criteria.
VIII. CONCLUSION
In this study, we presented some novel Einstein operations of IFSs, which could capture the relationship between MF and NF of various IFSs. Then, on the basis of the GPM, Choquet integral and λ−fuzzy measure, we proposed a novel PIC operator, which was a generalization of the PMGA operator and the GPMGA operator. This operator not only reflected the prioritized relationship among the criteria, but also considered the redundant and complementary relationship among the criteria. Besides, we combined the given prioritized aggregation operator and Einstein operations to IFSs, and proposed the intuitionistic fuzzy prioritized interactive Einstein Choquet (IFPIEC) operator. Moreover, with respect to intuitionistic fuzzy MCDM problem with weakly ordered prioritized and interactive criteria, an approach based on the IFPIEC operator and O'Hagan's maximum entropy was proposed. Finally, this method was applied to prioritized interactive MCDM problems. From the decision results displayed in Example 3 and Example 4, we can find that our created approach can overcome the limitations of Yu's approach [28] and Chen's approach [34] for prioritized MCDM under intuitionistic fuzzy condition. In the succeeding work, we shall combine the IFPIEC operator with some novel fuzzy sets, such as type-2 fuzzy sets, neutrosophic sets, and so on. In addition, we may investigate our created approach in the field of different areas, such as personnel evaluation, medical artificial intelligence, energy management and supplier selection evaluation.
